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Óïðàæíåíèÿ

1. Ðàñøèôðîâàòü ñëåäóþùèå âûðàæåíèÿ: à) Aii; á) Tij; â) aiRij; ã) aibjSij.

2. à) Äàíû ìàòðèöû A = ‖aij‖ è B = ‖bmn‖. Íàïèñàòü âûðàæåíèå äëÿ ýëåìåíòà
cks ìàòðèöû C = AB .
á) Çàïèñàòü â èíäåêñíûõ îáîçíà÷åíèÿõ óñëîâèå òîãî, ÷òî ìàòðèöà B ÿâëÿåòñÿ
îáðàòíîé ìàòðèöå A, ò.å. BA = AB = E, ãäå E � åäèíè÷íàÿ ìàòðèöà.

3. Ïðåîáðàçîâàòü (â òðåõìåðíîì ïðîñòðàíñòâå) ñëåäóþùèå âûðàæåíèÿ:

à) ajδij; ã) δijAik;
á) aiajδij; ä) δijδjk;
â) δii; å) δijδjkδki.

4. Âûïèñàòü âñåâîçìîæíûå âûðàæåíèÿ äëÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ âåêòîðîâ
a è b ÷åðåç êîìïîíåíòû ýòèõ âåêòîðîâ.

5. Âûïèñàòü âñåâîçìîæíûå âûðàæåíèÿ äëÿ äëèíû âåêòîðà a ÷åðåç êîìïîíåíòû
ýòîãî âåêòîðà.

6. Äîêàçàòü, ÷òî ak = a · ek; am = a · em.

7. Ýêâèâàëåíòíû ëè ñîîòíîøåíèÿ 1 è 2:
à) 1. Am

n b
nem = cmem

2. Am
n b

n = cm

á) 1. ck = Am
k bm

2. cj = An
j bn

â) 1. ambm = 0
2. am = 0 èëè bm = 0

Â ïðîñòðàíñòâå ãåîìåòðè÷åñêèõ âåêòîðîâ Ý3 êðîìå ñêàëÿðíîãî óìíîæåíèÿ ñóùåñòâóåò

åùå îäíà îïåðàöèÿ � âåêòîðíîå ïðîèçâåäåíèå. Äëÿ ðåøåíèÿ ñëåäóþùèõ óïðàæíåíèé

íåîáõîäèìî âñïîìíèòü íåêîòîðûå ýëåìåíòàðíûå ñâîéñòâà ýòîé îïåðàöèè è ñâÿçàííûõ ñ

íåé äåéñòâèé è, êðîìå òîãî, âûâåñòè ôîðìóëó äëÿ çàïèñè âåêòîðíîãî ïðîèçâåäåíèÿ â

êîìïîíåíòàõ.

Ïðåæäå âñåãî, âåêòîðíîå ïðîèçâåäåíèå � ýòî âåêòîð

a× b = c ∈ Ý3.

Èçìåíåíèå ïîðÿäêà âåêòîðîâ ïðèâîäèò ê èçìåíåíèþ çíàêà âåêòîðíîãî ïðîèçâåäåíèÿ:

a× b = −b× a.

Ñ èñïîëüçîâàíèåì âåêòîðíîãî ïðîèçâåäåíèÿ ñòðîÿòñÿ òàêèå îïåðàöèè êàê ñìåøàííîå

ïðîèçâåäåíèå

(a× b) · c = (c× a) · b = (b× c) · a = −(b× a) · c = −(c× b) · a = −(a× c) · b

karyakin
Карандаш
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è äâîéíîå âåêòîðíîå ïðîèçâåäåíèå:

a× (b× c) = b(a · c)− c(a · b). (2.6)

Ðàññìîòðèì äâà âåêòîðà a, b ∈ Ý3. Îãðàíè÷èâàÿñü ñëó÷àåì îðòîíîðìèðîâàííîãî

áàçèñà, ïîëó÷èì ôîðìóëó êîìïîíåíòíîé çàïèñè âåêòîðíîãî ïðîèçâåäåíèÿ ýòèõ âåêòîðîâ.

Ïóñòü is � îðòîíîðìèðîâàííûé áàçèñ;

a = amim; b = bkik.

Òîãäà

a× b = ambkim × ik = ambkdmk.

Äëÿ íàõîæäåíèÿ êîìïîíåíò íåèçâåñòíîãî âåêòîðà dmk ñîñòàâèì èõ âûðàæåíèÿ ÷åðåç

ñêàëÿðíûå ïðîèçâåäåíèÿ

dmk · is = (im × ik) · is
def
= dmks. (2.7)

Ïîëó÷åííûå âåëè÷èíû dmks íàçûâàþòñÿ ñèìâîëàìè Ëåâè-×èâèòà. Ñîãëàñíî ñâîéñòâàì

ñìåøàííîãî ïðîèçâåäåíèÿ (òðîéêà i1, i2, i3 ñ÷èòàåòñÿ ïðàâîé) èìååì

d123 = d231 = d312 = 1; d213 = d321 = d132 = −1;

îñòàëüíûå êîìïîíåíòû ðàâíû íóëþ.

Òàêèì îáðàçîì, èñêîìàÿ ôîðìóëà äëÿ âåêòîðíîãî ïðîèçâåäåíèÿ èìååò âèä:

a× b = ambkdmksis. (2.6)

×òî êàñàåòñÿ ñâîéñòâ ñèìâîëîâ Ëåâè-×èâèòà, òî î÷åâèäíà èõ àíòèñèììåòðèÿ ïî

ëþáîé ïàðå èíäåêñîâ (ïåðåñòàíîâêà äâóõ èíäåêñîâ ïðèâîäèò ê èçìåíåíèþ çíàêà) è

íåçàâèñèìîñòü îò êðóãîâîé ïåðåñòàíîâêè èíäåêñîâ.

Åùå îäíî ñâîéñòâî, íåîáõîäèìîå äëÿ ðåøåíèÿ óïðàæíåíèé, ñôîðìóëèðóåì áåç äîêàçàòåëüñòâà

(âûâîä åãî áóäåò äàí íèæå â ï. 10):

dijkdmns =

∣∣∣∣∣∣
δim δin δis
δjm δjn δjs
δkm δkn δks

∣∣∣∣∣∣ . (2.9)

8. Èñõîäÿ èç ñîîòíîøåíèÿ

a× (b× c) = b(a · c)− c(a · b),

ïðåîáðàçîâàòü:
(a× b)× c.

9. Èñïîëüçóÿ ñîîòíîøåíèå (2.9), ïðåîáðàçîâàòü:
a) dijkdmnk;
á) dijkdmjk;
â) dijkdijk.
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10. Âåðíû ëè ñîîòíîøåíèÿ:
à) AijAij = A2

ij;
á) AijBj = AjiBi;
â) δ2jk = δjk;
ã) dmnkdijk = dijkdmnk.

11. Âû÷èñëèòü:
à) dijkδjk;
á) dijkdmkjδmi;
â) dijkδmkδjm;
ã) aiajdijk;
ä) dijk|dijk|.

12. Ïðîâåðèòü ôîðìóëó (2.9) äëÿ dijkdmns.

13. Çàïèñàòü âûðàæåíèå (a× b) · c â èíäåêñíîì âèäå.

14. Äîêàçàòü:
a× (b× c) = b(a · c)− c(a · b).

15. Ïðåîáðàçîâàòü ñ èñïîëüçîâàíèåì ñèìâîëîâ Ëåâè- ×èâèòà

(a× b)× c.

16. Ñ èñïîëüçîâàíèåì ñèìâîëîâ Ëåâè-×èâèòà äîêàçàòü, ÷òî
à) a× a = 0 ;
á) (a× b) · a = 0.

17. Äîêàçàòü ýêâèâàëåíòíîñòü ôîðìóë, à çàòåì äîêàçàòü îäíó èç íèõ:
1) dijkaimajnaks = dmnsdetA;

2) detA =
1

6
dijkdmnsaimajnaks; ãäå A = ‖aks‖.

18. Ïðåîáðàçîâàòü:
(a× b) · (c× d).

19. Äîêàçàòü:

a · (b× c)r = (a · r)b× c+ (b · r)c× a+ (c · r)a× b.


