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ÂÈÍÒÎÂÎÉ ÀÍÈÇÎÒÐÎÏÈÅÉ

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðè òåëî, çàíèìàþùåå îáúåì V = S × [0, L], ãäå S � ïîïåðå÷íîå ñå-
÷åíèå öèëèíäðà, L � åãî äëèíà. Áîêîâóþ ïîâåðõíîñòü îáîçíà÷èì ÷åðåç Γ =
∂S× [0, L]. S � êîëüöî ñ âíóòðåííèì è âíåøíèì ðàäèóñàìè r1, r2 ñîîòâåòñòâåí-
íî, h � òîëùèíà îáîëî÷êè, α � óãîë ìåæäó âèíòîâîé ëèíèåé è îñüþ x3.

Ââåäåì äåêàðòîâó ñèñòåìó êîîðäèíàò x1, x2, x3, ñâÿçàâ åå íà÷àëî ñ öåíòðîì
ñå÷åíèÿ. Îñü x3 = z íàïðàâèì ïî îñè öèëèíäðà. Ýòó ñèñòåìó êîîðäèíàò áóäåì
íàçûâàòü îñíîâíîé. Äëÿ îïèñàíèÿ âèíòîâîé àíèçîòðîïèè ââåäåì âèíòîâóþ àíè-
çîòðîïèþ r, ϕ, z, ñâÿçàííóþ ñ îñíîâíîé ñîîòíîøåíèÿìè

(1.1)

 x1 = rcos(ϕ+ τz)
x2 = rsin(ϕ+ τz)
x3 = z

Ñ âèíòîâîé ëèíèåé r = const, ϕ = const ñâÿæåì åñòåñòâåííûé áàçèñ e1 = n,
e2 = b,
e3 = t,

ãäå n, b, t � âåêòîðû ãëàâíîé íîðìàëè, áèíîðìàëè è êàñàòåëüíîé ñîîòâåòñòâåí-
íî.

Ðàäèóñ-âåêòîð òî÷åê âèíòîâîé ëèíèè ïðåäñòàâèì â âèäå:

(1.2) R = re′1 + ze′3

Çäåñü

(1.3)

 e′1 = er = i1cos(ϕ+ τz) + i2sin(ϕ+ τz)
e′2 = er = i1cos(ϕ+ τz) + i2sin(ϕ+ τz)
e′3 = ez

Ìàòðèöà ïåðåõîäà îò áàçèñà ej ê áàçèñó e′j âûãëÿäèò ñëåäóþùèì îáðàçîì:

(1.4) Q =
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
g20 = 1 + x2, x = τr = tgα

Áóäåì ñ÷èòàòü ìàòåðèàë öèëèíäðà ëîêàëüíî îðòîòðîïíûì, ó êîòîðîãî ãëàâ-
íîå íàïðàâëåíèå òåíçîðà óïðóãèõ ñâîéñòâ ñîâïàäàåò ñ íàïðàâëåíèåì îðòîâ åñòå-
ñòâåííîãî áàçèñà. Áóäåì èñïîëüçîâàòü ñëåäóþùóþ ôîðìó çàêîíà Ãóêà:

(1.5) σi = cijεj
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(1.6) εi = sijσj

ε1 = ε11, ε2 = ε22, ε3 = ε33, ε4 = ε23, ε5 = ε13, ε6 = ε12,
σ1 = σ11, σ2 = σ22, σ3 = σ33, σ4 = σ23, σ5 = σ13, σ6 = σ12,
Óïðóãèå ñâîéñòâà îïðåäåëèì ñ ïîìîùüþ òåõíè÷åñêèõ ïîñòîÿííûõ. Ïîäàòëè-

âîñòè âûðàæàþòñÿ ÷åðåç íèõ ñëåäóþùèì îáðàçîì:

(1.7)

s11 =
1

E1
; s12 = −ν12

E1
; s13 = −ν13

E1
;

s22 =
1

E2
; s23 = −ν23

E2
; s33 =

1

E3
;

s44 =
1

G23
; s55 =

1

G13
; s66 =

1

G12
;

Ïðèìåì ñëåäóþùèå çíà÷åíèÿ êîíñòàíò: âíóòðåííèé ðàäèóñ ñîñóäà a = 0.75∗
10−2 ì., h = 0.6 ∗ 10−3 ì., E3 = 4.905 ∗ 102 êÍ/ì2, E1 = 0.833E3, G = E3/6,
ν32 = 0.45, ν23 = 0.54, ρ = 115êã/ì3, Gij = E3/6. Òàêæå êîíñòàíòû ñâÿçàíû
ñîîòíîøåíèÿìè:

ν12E2 = ν21E1, ν13E3 = ν31E1, ν23E3 = ν32E2

Ïîñëå ïåðåõîäà ê áàçèñó e′j ïîëó÷àåì îïðåäåëÿþùèå ñîîòíîøåíèÿ â ñëåäó-
þùåì âèäå:

(1.8)

σrr = g11εrr + g21εϕϕ + g31εzz + g41εϕz

σϕϕ = g12εrr + g22εϕϕ + g32εzz + g42εϕz

σzz = g13εrr + g23εϕϕ + g33εzz + g43εϕz

σϕz = g14εrr + g24εϕϕ + g34εzz + g44εϕz

σrz = 2g55εrz + 2g56εrϕ
σrϕ = 2g56εrz + 2g66εrϕ,

ãäå êîýôôèöèåíòû çàäàþòñÿ ñëåäóþùèìè âûðàæåíèÿìè:

g11 = c11, g12 =
c12 + x2c13

g20
, g13 =

c13 + c12x
2

g20
, g14 = −xc12 − c13

g20

g22 =
c22 + 2x2c23 + x2c44 + 4x4c33

g20
, g23 =

x2(c22 + c33 − 4c44) + (1 + x4)c23
g40

g24 = x
c23 − c22 + 2c44 + x2(c33 − c23 − 2c44)

g40
, g33 =

c33 + x2(c22 + 4c44) + c22x
4

g40

g34 = x
c33 − c23 − 2c44 + x2(c23 − c22 + 2c44)

g40
, g44 =

c44 + x2(c22 − 2c44 − 2c23) + c44x
4

g40

g55 =
c55 + c66x
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2. Óðàâíåíèå ðàâíîâåñèÿ îáîëî÷êè.

Êîìïîíåíòû òåíçîðà äåôîðìàöèé çàïèñûâàþòñÿ ñëåäóþùèì îáðàçîì:

ε0ϕϕ =
1

a

(
ur −

∂uϕ
∂ϕ

)
; ε0zz = Duz; ε0ϕz =

1

2

(
1

a

∂uz
∂ϕ

+Duϕ

)

ε1ϕϕ =
1

a2

(
∂uϕ
∂ϕ

− ∂2ur
∂ϕ2

)
; ε1zz = −D2uz; ε1ϕz =

1

2a

(
Duϕ − 2

∂2ur
∂ϕ∂r

)
,

ãäå a � ðàäèóñ îáîëî÷êè, D =
∂

∂z
− τ

∂

∂ϕ
.

Óðàâíåíèÿ ðàâíîâåñèÿ ñ ó÷åòîì ãèïîòåç Êèðõãîôôà-Ëÿâà ïðè îòñóòñòâèè
âíåøíèõ íàãðóçîê ñëåäóþùèå:

(2.1)



DT2 +
1

a

∂T3
∂ϕ

= hρ
∂2uz
∂t2

1

a

∂T1
∂ϕ

+DT3 +
1

a
Q1 = hρ

∂2uϕ
∂t2

1

a

∂Q1

∂ϕ
+DQ2 −

T1
a

= hρ
∂2ur
∂t2

,

ãäå

(2.2) Ti = hgijε
0
j

(2.3) Mi =
h3gij

12
ε1j

i, j = 1..3
T1 = Tϕϕ, T2 = Tzz, T3 = Tzϕ
M1 = Mϕϕ, M2 = Mzz, M3 = Mzϕ

Q1 = DM1 +
1

a

∂M3

∂ϕ
; Q2 =

1

a

∂M2

∂ϕ
+DM3

Ðàññìîòðèì çàäà÷ó î ðàñïðîñòðàíåíèè ïðîäîëüíîé âîëíû. Áóäåì ñ÷èòàòü
çàäà÷ó îñåñèììåòðè÷íîé, îáîëî÷êó � ìÿãêîé. Ðåøåíèå áóäåì èñêàòü â âèäå
áåãóùèõ âîëí:

(2.4)


uϕ = uϕe

i(kz−ωt)

uz = uze
i(kz−ωt)

ur = ure
i(kz−ωt)

Äåôîðìàöèè ïðèíèìàþò âèä:

ε0ϕϕ =
ur
a

; ε0zz = ikuz; ε0ϕz =
ikuϕ

2

Óðàâíåíèå ðàâíîâåñèÿ, åñëè ïðåíåáðå÷ü ìîìåíòíûìè ñëàãàåìûìè è ñ÷èòàòü
çàäà÷ó îñåñèììåòðè÷íîé, óïðîùàåòñÿ ñëåäóþùèì îáðàçîì:

(2.5)


ikT2 = −hρω2uz
ikT3 = −hρω2uϕ

−T1
a

= −hρω2ur,

Âûðàæåíèÿ äëÿ óñèëèé ñëåäóþùèå:
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Ti = g2,i+1
ur
a

+ ikg3,i+1uz + ikg4,i+1
uϕ
2

Óðàâíåíèÿ ðàâíîâåñèÿ ñ ó÷åòîì ãèïîòåç Ðåéññíåðà ïðè îòñóòñòâèè âíåøíèõ
íàãðóçîê ñëåäóþùèå:

(2.6)



DT2 +
1

a

∂T3
∂ϕ

= hρ
∂2uz
∂t2

1

a

∂T1
∂ϕ

+DT3 +
1

a
Q1 = hρ

∂2uϕ
∂t2

1

a

∂Q1

∂ϕ
+DQ2 −

T1
a

= hρ
∂2ur
∂t2

,

DM2 +
1

a

∂M3

∂ϕ
−Q2 −

h3

12
ρ
∂2θz
∂t2

= 0,

1

a
DM1 +

1

a

∂M3

∂ϕ
−Q1 −

h3

12
ρ
∂2θϕ
∂t2

= 0

ε0ϕϕ =
1

a

(
ur −

∂uϕ
∂ϕ

)
; ε0zz = Duz; ε0ϕz =

1

2

(
1

a

∂uz
∂ϕ

+Duϕ

)
ε0rz =

1

2
(θz +Dur) ; ε0rϕ =

1

2

[
θϕ +

1

a

(
∂ur
∂ϕ

+ uϕ

)]

ε1ϕϕ =
1

a2

(
∂uϕ
∂ϕ

− ∂2ur
∂ϕ2

)
; ε1zz = −D2uz; ε1ϕz =

1

2a

(
Duϕ − 2

∂2ur
∂ϕ∂r

)
,

ε1rz = 0; ε1rϕ = − 1

2a
θϕ

Q2 = hg4jε
0
j ; Q1 = hg5jε

0
j


