
1. Ïåðåìåùåíèå ñòåðæíÿ óäîâëåòâîðÿåò óðàâíåíèþ:
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Óðàâíåíèå (2) âìåñòå ñ êðàåâûìè óñëîâèÿìè îáðàçóåò êëàññè÷åñêóþ ïîñòàíîâêó

çàäà÷è. Ïðåäïîëîæèì, ÷òî êðàåâûå óñëîâèÿ èìåþò âèä:

ëåâûé êîíåö ñòåðæíÿ æåñòêî çàùåìëåí:

u|x=0 = 0 (3)

íà ïðàâîì êîíöå ñòåðæíÿ çàäàíà íàãðóçêà:

σ|x=L = p(t) (4)

Îáîáù¼ííàÿ ïîñòàíîâêà çàäà÷è î ïðîäîëüíûõ êîëåáàíèÿõ ñòåðæíÿ èìååò âèä:
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Îáîáù¼ííûì ðåøåíèåì íàçûâàåòñÿ ôóíêöèÿ, êîòîðàÿ óäîâëåòâîðÿåò ðàâåíñòâó

(5) äëÿ ïðîèçâîëüíîé ôóíêöèè v, óäîâëåòâîðÿþùåé óñëîâèþ (3).

Ðàçîáüåì îòðåçîê [0, L] íà N îòðåçêîâ îäèíàêîâîé äëèíû. Êîîðäèíàòû êîíöîâ

îòðåçêîâ � x2i, x2i = ih, h = L/N . Êàæäûé èç îòðåçêîâ [x2(i−1), x2i] ìîæíî
âçàèìíî îäíîçíà÷íî îòîáðàçèòü íà îòðåçîê [−1; 1] ïðè ïîìîùè ñîîòíîøåíèÿ

x =
h

2
ξ +

x2i + x2(i−1)

2

Íà êàæäîì èç îòðåçêîâ ïðèáëèæåííî ïðåäñòàâèì íåèçâåñòíóþ ôóíêöèþ u â âèäå
ëèíåéíîé ôóíêöèè:

u ≈ U2(i−1)N1(ξ) + U2i−1N2(ξ) + U2iN3(ξ), (6)

ãäå

N1(ξ) =
ξ(ξ − 1)

2
; N2(ξ) =

1− ξ2

2
; N3(ξ) =

ξ(ξ + 1)

2

Ïîëüçóÿñü âûðàæåíèåì (6) ïîñòðîèòü ëîêàëüíóþ ìàòðèöó æ¼ñòêîñòè

2. Ñ÷èòàÿ E, A è ρ ïîñòîÿííûìè, ïîñòðîèòü ãëîáàëüíóþ ìàòðèöó æ¼ñòêîñòè.
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3. Ïîñòðîèòü ëîêàëüíóþ è ãëîáàëüíóþ ìàòðèöû ìàññ (A, ρ � ïîñòîÿííûå)

4. Îáîáùåííàÿ ïîñòàíîâêà çàäà÷è äëÿ óïðóãîãî òåëà â ñëó÷àå àíòèïëîñêîé äåôîð-

ìàöèè èìååò âèä: ∫
S

µ∇u · ∇vdS =

∫
S

[f − ρü] vdS +

∫
∂S

pvdl, (7)

u � ïåðåìåùåíèå, v � ïðîáíàÿ ôóíêöèÿ, p � íàãðóçêà íà ãðàíèöå, S � ðàññìàò-

ðèâàåìàÿ îáëàñòü.

Ðàññìîòðèì ïðÿìîóãîëüíèê

{(ξ1, ξ2)| − 1 ≤ ξ1 ≤ 1, −1 ≤ ξ2 ≤ 1} .

Îí ìîæåò áûòü îòîáðàæ¼í íà ÷åòûð¼õóãîëüíèê ïðîèçâîëüíîé ôîðìû ñ âåðøè-

íàìè (x
(i)
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(i)
2 ), i = 1, 4 ïðè ïîìîùè ñîîòíîøåíèÿ

x1 = x
(1)
1 N1(ξ) + x

(2)
1 N2(ξ) + x

(3)
1 N3(ξ) + x

(4)
1 N4(ξ),

x2 = x
(1)
2 N1(ξ) + x

(2)
2 N2(ξ) + x

(3)
2 N3(ξ) + x

(4)
2 N4(ξ),

(8)

ãäå

N1 =
1

4
(−ξ1 + 1)(−ξ2 + 1),

N2 =
1

4
(ξ1 + 1)(−ξ2 + 1),

N3 =
1

4
(ξ1 + 1)(ξ2 + 1),

N4 =
1

4
(−ξ1 + 1)(ξ2 + 1),

� áàçèñíûå ôóíêöèè ïðÿìîóãîëüíîãî áèëèíåéíîãî ýëåìåíòà.

Àïïðîêñèìàöèÿ íåèçâåñòíîé ôóíêöèè èìååò âèä:

u = u1N1(ξ) + u2N2(ξ) + u3N3(ξ) + u4N4(ξ), (9)

Íàéòè ìàòðèöó æ¼ñòêîñòè äëÿ ïðÿìîóãîëüíîãî ýëåìåíòà ñ êîîðäèíàòàìè âåðøèí

(hx, hy), (−hx, hy), (−hx,−hy), (hx,−hy).

5. Ïîñòðîèòü ìàòðèöó ìàññ äëÿ çàäà÷è (7) äëÿ ïðÿìîóãîëüíîãî ýëåìåíòà ñ êîîðäè-

íàòàìè âåðøèí (hx, hy), (−hx, hy), (−hx,−hy), (hx,−hy), èñïîëüçóÿ ïðÿìîóãîëü-

íûé áèëèíåéíûé ýëåìåíò.
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6. Íàéòè ìàòðèöó æ¼ñòêîñòè äëÿ ñåðåíäèïîâà ïðÿìîóãîëüíîãî ýëåìåíòà ñ êîîðäè-

íàòàìè âåðøèí (hx, hy), (−hx, hy), (−hx,−hy), (hx,−hy) ñ áàçèñíûìè ôóíêöèÿìè

N1 =
1

4
(1− ξ1)(1− ξ2)(−ξ1 − ξ2 − 1),

N2 =
1

2
(1− ξ21)(1− ξ2),

N3 =
1

4
(1 + ξ1)(1− ξ2)(ξ1 − ξ2 − 1),

N4 =
1

2
(1 + ξ1)(1− ξ22),

N5 =
1

4
(1 + ξ1)(1 + ξ2)(ξ1 + ξ2 − 1),

N6 =
1

2
(1− ξ21)(1 + ξ2),

N7 =
1

4
(1− ξ1)(1 + ξ2)(−ξ1 + ξ2 − 1),

N8 =
1

2
(1− ξ1)(1− ξ22).

Ñ÷èòàåì, ÷òî âòîðàÿ, ÷åòâ¼ðòàÿ, øåñòàÿ è âîñüìàÿ òî÷êè íàõîäÿòñÿ íà ñåðåäèíàõ

ñòîðîí ïðÿìîóãîëüíèêà.

7. Íàéòè ìàòðèöó æ¼ñòêîñòè äëÿ ñåðåíäèïîâà ïðÿìîóãîëüíîãî ýëåìåíòà ñ êîîðäè-

íàòàìè âåðøèí (hx, hy), (−hx, hy), (−hx,−hy), (hx,−hy) c áàçèñíûìè ôóíêöèÿìè

èç ïðåäûäóùåãî âàðèàíòà.
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