
Èíäèâèäóàëüíîå çàäàíèå � 1 ïî óðàâíåíèÿì ìàòåìàòè÷åñêîé ôèçèêè

2025-2026 ó÷åáíûé ãîä

Çàäàíèå 1. Ðÿäû Ôóðüå

Â çàäà÷àõ 1.1− 1.20 äàíû çíà÷åíèÿ ôóíêöèè f(x) íà îäíîì ïîëíîì ïåðèîäå.
1) Íàéäèòå ðÿä Ôóðüå ýòîé ôóíêöèè. Âñå âû÷ñëåíèÿ íåîáõîäèìî ïðîâåñòè ïîäðîáíî.
Çàäàíèå âûïîëíèòü ÷åðíîé ðó÷êîé íà áåëîì ëèñòå áóìàãè è ñäàòü â áóìàæíîì âèäå.
2) Ïîñòðîéòå ãðàôèê ýòîé ôóíêöèè íà ïðîìåæóòêå, ðàâíîì íåñêîëüêèì ïåðèîäàì, âîñ-
ïîëüçîâàâøèñü ëþáûì ñòàíäàðòíûì ìàòåìàòè÷åñêèì ïàêåòîì âû÷èñëåíèé. Ïðåäñòàâü-
òå â ýëåêòðîííîì âèäå ãðàôèê ôóíêöèè è òåêñò ïðîãðàììû. Çàãðóçèòå ðåçóëüòàòû â
Moodle â ôîðìàòå pdf.
3) Ïîñòðîéòå ãðàôèêè ÷àñòè÷íûõ ñóìì SN ðÿäà Ôóðüå äëÿ íåñêîëüêèõ çíà÷åíèé N .
Íàïðèìåð, N = 1, N = 3, N = 8, N = 10, N = 20. Ïðåäñòàâüòå â ýëåêòðîííîì âèäå ãðà-
ôèêè ÷àñòè÷íûõ ñóìì è òåêñò ïðîãðàììû. Çàãðóçèòå ðåçóëüòàòû â Moodle â ôîðìàòå
pdf.
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1.2.

f(x) =


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1.3.

f(x) =

{
−1; 0 < x ⩽ π

+1; π < x ⩽ 2π

1.4.

f(x) =

{
+3; −π < x ⩽ 0

−3; 0 < x ⩽ π



1.5.

f(x) =

{
+3; −π < x ⩽ 0

−2; 0 < x ⩽ π

1.6.

f(x) =

{
0; −π < x ⩽ 0

1; 0 < x ⩽ π

1.7.

f(x) = x − π < x ⩽ π.

1.8.

f(x) = x 0 < x ⩽ 2π.

1.9.

f(x) = |x| − π < x ⩽ π.

1.10.

f(x) =

{
π + x; −π < x ⩽ 0

π − x; 0 < x ⩽ π

1.11.

f(x) =

{
π + x; −π < x ⩽ 0

0; 0 < x ⩽ π

1.12.

f(x) =


0; −π ⩽ x < −π

2

1; −π

2
⩽ x ⩽ π
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0;
π

2
< x ⩽ π

1.13.

f(x) = x2 − π < x ⩽ π.
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1.14.

f(x) = x2 0 ⩽ x < 2π.

1.15.

f(x) =

{
0; −π < x ⩽ 0

x2; 0 < x ⩽ π

1.16.

f(x) = | sin(x)| − π ⩽ x ⩽ π.

1.17.

f(x) =

{
0; −π < x ⩽ 0

sin(x); 0 < x ⩽ π

1.18.

f(x) =

{
−2; −3 < x ⩽ 0

2; 0 < x ⩽ 3

1.19.

f(x) =

{
0; −5 < x ⩽ 0

1; 0 < x ⩽ 5

1.20.

f(x) =

{
2; −2π < x ⩽ 0

−1; 0 < x ⩽ 2π
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Çàäàíèå 2. Óðàâíåíèå òåïëîïðîâîäíîñòè

Â çàäà÷àõ 2.1− 2.20 òðåáóåòñÿ ñôîðìóëèðîâàòü è ðåøèòü íà÷àëüíî-êðàåâóþ çàäà÷ó
äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ óñëîâèÿìè ïåðèîäè÷íîñòè, âçÿâ çíà÷åíèå ïåðèîäà è
çíà÷åíèÿ íà÷àëüíîé ôóíêöèè f(x) èç ñâîåãî çàäàíèÿ 1 (ñïèñîê 1.1− 1.20).
Âñå âû÷èñëåíèÿ íåîáõîäèìî ïðîâåñòè ïîäðîáíî. Çàäàíèå âûïîëíèòü ÷åðíîé ðó÷êîé íà
áåëîì ëèñòå áóìàãè è ñäàòü â áóìàæíîì âèäå.

Çàäàíèå 3. Òåîðåòè÷åñêèå çàäà÷è

Ñëåäóþùèå çàäàíèÿ âçÿòû èç êîíñïåêòà ëåêöèé Â.È.Þäîâè÷à. Çàäàíèå âûïîëíèòü
÷åðíîé ðó÷êîé íà áåëîì ëèñòå áóìàãè è ñäàòü â áóìàæíîì âèäå.

1.2) Âûâåñòè óðàâíåíèå òåïëîïðîâîäíîñòè äëÿ ñòåðæíÿ ïåðåìåííîãî ñå÷åíèÿ S(x).

1.6) Ïîêàçàòü, ÷òî åñëè ñòåðæåíü äâèæåòñÿ âäîëü îñè x ñî ñêîðîñòüþ v = v(t), òî
âìåñòî ïðîñòåéøåãî óðàâíåíèÿ òåïëîïðîâîäíîñòè

∂u

∂t
= K

∂2u

∂x2
+ f(x, t).

ïîëó÷èòñÿ óðàâíåíèå
∂u

∂t
= K

∂2u

∂x2
− v(t)

∂u

∂x
+ f(x, t).

Âûâåäèòå ýòî óðàâíåíèå èç ïðîñòåéøåãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ïîñðåäñòâîì ïå-
ðåõîäà ê ïîäâèæíîé ñèñòåìå êîîðäèíàò, æåñòêî ñâÿçàííîé ñî ñòåðæíåì.

1.7) Äîêàçàòü, ÷òî óðàâíåíèå

ut = kuxx + lux +mu

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè k, l,m ìîæíî ïðèâåñòè ê ïðîñòåéøåìó îäíîðîäíîìó
óðàâíåíèþ òåïëîïðîâîäíîñòè çàìåíîé

u(x, t) = v(x, t) exp(ax+ bt), a, b− const.

Âûâåñòè êðàåâûå óñëîâèÿ, êîòîðûì óäîâëåòâîðÿåò v, åñëè u óäîâëåòâîðÿåò óñëîâèÿì
ïåðâîãî, ëèáî âòîðîãî, ëèáî òðåòüåãî ðîäà.

1.11) Êàêèå êðàåâûå óñëîâèÿ ïîçâîëÿþò ñòåðæíþ âñå âðåìÿ íàõîäèòüñÿ ïðè ïîñòî-
ÿííîé òåìïåðàòóðå, òàê ÷òî u(x, t) = T = const äëÿ âñåõ x è t?

1.12) Ýêñïåðèìåíò ãîâîðèò, ÷òî åñëè êîíöû ñòåðæíÿ ïîääåðæèâàþòñÿ ïðè ïîñòîÿí-
íîé òåìïåðàòóðå, òàê ÷òî u(0, t) = T0, u(l, t) = T1, ãäå T0 è T1 ïîñòîÿííûå, òî â ñòåðæíå
óñòàíàâëèâàåòñÿ ñî âðåìåíåì ëèíåéíîå ðàñïðåäåëåíèå òåìïåðàòóðû:

u(x, t) =
xT1 + (l − x)T0

l
=

T1 − T0

l
x+ T0.
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Íå îïðîâåðãàåò ëè ýòî óðàâíåíèå òåïëîïðîâîäíîñòè?

2.1) Ðåøèòü ìåòîäîì Ôóðüå íà÷àëüíóþ çàäà÷ó äëÿ óðàâíåíèÿ

ut + kuxxxx = 0

íà îêðóæíîñòè ñ íà÷àëüíûì óñëîâèåì u(x, 0) = φ(x).
2.5) Ïðè êàêèõ p ñõîäèòñÿ ðÿä

+∞∑
n=1

1

np
?

2.13) Íàéäèòå ðåøåíèå âòîðîé êðàåâîé çàäà÷è

ut = a2uxx + f, x ∈ (0, ℓ), t > 0;

u|t=0 = φ;

ux(0, t) = 0; ux(ℓ, t) = 0

ñ ïîñòîÿííûìè f è φ. Äàéòå ôèçè÷åñêóþ òðàêòîâêó ðåøåíèÿ. Äëÿ êàêèõ åùå êðàåâûõ
óñëîâèé ðåøåíèå áóäåò èìåòü òîò æå âèä?

2.14) Íàéäèòå ðåøåíèå ïåðâîé êðàåâîé çàäà÷è

ut = a2uxx + A cos t, x ∈ (0, ℓ), t > 0;

u|t=0 = 0;

u(0, t) = A sin t; u(ℓ, t) = A sin t.

Êàê ìîæíî èçìåíèòü êðàåâûå óñëîâèÿ, ÷òîáû âèä ðåøåíèÿ îñòàëñÿ íåèçìåííûì?
3.1) Ïðè êàêèõ óñëîâèÿõ êâàäðàòè÷íàÿ ôîðìà îò äâóõ ïåðåìåííûõ ξ, η ∈ R

a11ξ
2 + 2a12ξη + a22η

2

a) ïîëîæèòåëüíî îïðåäåëåííàÿ? á) îòðèöàòåëüíî îïðåäåëåííàÿ?
â) íåîòðèöàòåëüíî îïðåäåëåííàÿ? ã) íåïîëîæèòåëüíî îïðåäåëåííàÿ?

3.2) Ïðè êàêèõ óñëîâèÿõ äëÿ ðåøåíèÿ u(x, y, t) óðàâíåíèÿ

∂u

∂t
= a

∂2u

∂x2
+ 2b

∂2u

∂x∂y
+ c

∂2u

∂y2
, (x, y) ∈ D ⊂ R2, t ⩾ 0

ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà? Ñóùåñòâåííî ëè, ÷òî a, b, c � ïîñòîÿííûå êîýôôèöè-
åíòû?

3.3) Äîêàçàòü òåîðåìó åäèíñòâåííîñòè ðåøåíèÿ ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è:

∂u

∂t
= k

∂2u

∂x2
+ c(x, t)u; u

∣∣
x=0

= µ1(t)

u
∣∣
x=l

= µ2(t); u
∣∣
t=0

= φ(x).
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Ïîäñêàçêà: ñäåëàòü çàìåíó u = veµt è ïðèìåíèòü òåîðåìó 3.4.

3.5) Äîêàçàòü, ÷òî ðåøåíèå u(x, y) óðàâíåíèÿ Ìîíæà-Àìïåðà

uxxuyy − u2
xy = f(x, y)

íå èìååò ëîêàëüíûõ ìàêñèìóìîâ âíóòðè îáëàñòè åãî îïðåäåëåíèÿ, åñëè âñþäó â ýòîé
îáëàñòè f(x, y) < 0. À ìèíèìóìû ìîãóò áûòü?

3.6) Äîêàçàòü òåîðåìó åäèíñòâåííîñòè äëÿ íà÷àëüíî-êðàåâîé çàäà÷è ñ íåîäíîðîäíûì
ïåðèîäè÷åñêèì êðàåâûì óñëîâèåì (x ∈ R, t ⩾ 0)

ut = kuxx + f(x, t); u
∣∣
t=0

= φ(x); u(x+ l, t)− u(x, t) = h(x, t)

äëÿ çàäàííûõ f, φ, h.

3.12) Äëÿ ðåøåíèÿ u(x, t) óðàâíåíèÿ òåïëîïðîâîäíîñòè ut − uxx = f(x, t) íà îêðóæ-
íîñòè (u(x+ l, t) = u(x, t) äëÿ âñåõ t ⩾ 0, x ∈ R) äîêàçàòü ðàâåíñòâî

1

2

d

dt

l∫
0

u2(x, t) dx = −
l∫

0

u2
x(x, t) dx+

l∫
0

f(x, t)u(x, t)dx.

Êàêèå âàæíûå ñëåäñòâèÿ èç íåãî âûòåêàþò?

4.18) Äîêàçàòü, ÷òî äëÿ ðåøåíèÿ âòîðîé íà÷àëüíî-êðàåâîé çàäà÷è

ut = uxx; ux

∣∣
x=0

= ux

∣∣
x=l

= 0; u(x, 0) = φ(x)

ñïðàâåäëèâî ñîîòíîøåíèå

1

2

d

dt

l∫
0

u2(x, t)dx = −
l∫

0

u2
x(x, t) dx, t > 0.

Âûâåñòè îòñþäà òåîðåìó åäèíñòâåííîñòè ðåøåíèÿ ýòîé íà÷àëüíî- êðàåâîé çàäà÷è.

7.6) Äîêàçàòü, ÷òî
+∞∫

−∞

u(x, t) dx

íå çàâèñèò îò t äëÿ ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íà ïðÿìîé
áåç èñòî÷íèêîâ òåïëà. Íàéòè, êàê îí çàâèñèò îò âðåìåíè äëÿ çàäà÷è ñ èñòî÷íèêàìè.
Îáúÿñíèòü ôèçè÷åñêè ïîëó÷åííûé ðåçóëüòàò.
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7.8) Äîêàçàòü, ÷òî, åñëè φ � íåïðåðûâíàÿ íà (−∞,+∞) è àáñîëþòíî èíòåãðèðóåìàÿ
ôóíêöèÿ:

+∞∫
−∞

|φ(x)| dx < ∞,

òî ðåøåíèå u(x, t) çàäà÷è Êîøè äëÿ îäíîðîäíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè íà ïðÿ-
ìîé ïðè t → ∞ ñòðåìèòñÿ ê 0 êàê t−1/2 ðàâíîìåðíî ïî x ∈ (−∞,+∞). Ïðåäëîæèòå
óñëîâèÿ, äîñòàòî÷íûå äëÿ òîãî, ÷òîáû u(x, t) çàòóõàëà ïðè t → +∞, êàê t−1, êàê t−2,
êàê e−kt è ò.ä.

9.1) Äîêàçàòü, ÷òî ðåøåíèå çàäà÷è Êîøè â îáîáùåííûõ ôóíêöèÿõ

ut − uxx = δ(t− τ)φ(x),

u
∣∣∣
t=0

= 0

ðàâíî íóëþ ïðè t < τ , à ïðè t ⩾ τ ñîâïàäàåò ñ ðåøåíèåì çàäà÷è Êîøè

ut − uxx = 0; u
∣∣∣
t=τ

= φ(x).
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