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v Criterion construction

LetX = (X4, ... ,X,) —sample € F — distribution family.
The basic hypothesis H,={ F =F, } with H,={ F #F,} alternative.

Definition 1. (cc) Let Borel function p(X) exists and has properties:

((C1):if H; — true (ifX; € F, then p()?):G, known continuous distribution)
/! (C2): ifH; —incorrect (wrong), itmeans: ifX; haveF, # F;, then

L |p()?)|£>00,ifn—>00, for VF, # F,

Definition 2. Criterion of cosent
For random variable 1, 1 € G it is hecessary to determine constant C,
satisfying  the equation £ = P(|n| = C) and construct criterion:

. (Hy, if |p(X)|<c
S(X)_{Hz, if |p(X)|=c

Explanation: if H; — true, then behavior of p is the same as 1), € — small,

soit1s extremely difficult to get H, .
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wcirvi — On the size of the criterion Q\l@

*EXAPMP\V 1ﬁr1'1$['1- )

covnsoreesx and its consistency
Theorem

The criterion of consent & (1)-(2) has the asymptotical size € and the property
of consistency

Proof Property (C1) provides criterion size:

0,(8)= Py, (Ip(X)] = C) » P(n|=C)-=.

, , . P
(C2) — consistency: according to definition 1 ,— c© means that for any C>0

PM,< C)— 0 as n— oo, soforV.F, (may be set of distributions) probability of
the second kind errors tends to zero: 0,(0, F;)= Py, (\p()? )\<C) — 0, proven.

Remark

If instead the weak convergence in (C1) we have ,o()z'> ) € G, then criterion

def. 2 has exact size €.
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I. Kolmogorov criterion (Kc)

X = (X;....X,)) have distribution function 7. Hi={ F =F,}. H={ F # F,}. If F, has

continuous distribution function F,, then (Kc) use! Let's check the validity of the

criterion. namely properties C1-C2 for given p( X ):

Proo

Let consider p(X) =+vn supy |F,"(y) — FL ().
C1: If H; — true. then X; for Vi has distribution F,. According to Kolmogorov

theorem p(}_{)) = n. n has distribution with Kolmogorov distribution function K(y).
C2: If H; — wrong. X; for Vi has distribution F,. (¥, # F,). By Glivenko-Cantell1
. _ P
theorem, the empirical distribution F, (v) = Fi(y) for Vy, n —= . If F, # F; then

N P
3yo: [F2(yo)-F1(yo)|~0. so sup,, Fo (v) - Fu(y)| 2 [Fa(yo)-F1(yo)| = [Fa(vo) - Fi(yo)l =
that1s for Ve find C: e=P{n=c}n €Ky,

-

this allows us to the Kolmogorov criterion:

{1 o<
Hz, lf p(X) :_> C 4
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I1. Pearson Criterion (PC) based on grouped data.

For given sample fZ(Xl,..., X,) belongs to distribution F the simple hypothesis 1s

Hi={F=F}. H={F = F.}.

Ay, ... . Ay — grouping mtervals : A; (1 A= @, %/, vy = { number X; € 4; | =
i=1 L(X€ Aj). p=Py, (Xi € A))=0

(p; - theoretical probability of H, - true, X; €F)).

(vj_np;)*
SEap =1, p(R)=3f L=

npj

Remark. On correction PC

H,={F:P(Xe4)=p,Vj=1,.k}

' . H H
H,={3j:p;" #p;’, H ; —wrong},

so need large number of intervals!
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Theorem Pearson:

If H; or H, — true, then for fixed k, and n — o

k
b= )

(X) = i=>H_.
=) -

Here H,_; 1s xi_l distribution, so consent criterion 1s: it 1s necessary to determine

< o > 1 ¢ ! v
constant C: £ = P(n = C),n € H,_; and H), ifp(X)<cC

Hy  ifp(X)zcC

5(%) = {

III Criterion xz (parametric case)

LetX = {X;,X,,..,X,} € uknown distribution

H, = {:7—" €{F,0€ OC Rd}}
€ — unknown vector of parameters, d — size of 8 dimension.
There are A4, .., A, — intervals, k>d+1, v; — number of X; € 4;

(vj—np;(6))°
np ; (0)

(9* = 9*()?) p()?, 9*)) reaches its minimum value 6

p; = Py, (X,€ A)=P,(8) and p(X,0)= Z;'czl and 8"
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Theorem Fisher

If hypothesis H;, d — dimension of vector 0, then for fixedk andn — «
f H* _ k M = H
F’( N ) - j=1 ﬂ-p}' {:ﬁ*:l kE—1—d-
where Hy_1_4 family of y%, |, distribution. note that X2_, , — parametric criterion:
ne H,_;_, , for given g it is necessary to determine constant C: e=P(n= () and
H, if p(X,8)<cC
5 ( 1?) _ { 1 P ( )
H, ifp(X6)=cC

" . . . - . . . . g
To find @'numerically — is not simple idea. so we can use instead 8" likelihood estimation 8.

IV Criterion Fisher (ai = ﬂ'%)

If we know that variances of two samples are the same. for estimation of its

average we use Student criterion. The first sfep — to estimate variance.

Let X = {X1,X5,.., X, }are independent and X; € N(al_ai): Y = v, ¥;,..,¥..}
Y EN (ay,63). Fisher criterion: H; = {6 = #}. It is known that 57 (}? ), S.%(i—f})

is an unbiased estimate of variances and we introduce a measure

S¢(%) NPT
Xy 0 to get criteria statistics — the second step.
P( ) 2 (?) 7



UHCTUTYT . . \\\’,/'
MATEMATMKM N2
o EqQuality of Variances KT
KOMIBKOTEPHbIX YHUBEPCUTET
HAYK

Theorem

If hypothesis H; is true. then p(f , ?) = Sﬁ?‘ (1'? )f 5{]2 (?) has Fisher distribution  F,,_;,,, 4

withn—1 andm — 1 degrees of freedom.

Proof
,  (n-1)5(X) > (m-1)5§(Y)
(%)
L. S§(X) oF -
If oy = then 2 =1 d XY)= =11 ecF
amamzon w AiD=SD o sen
m—1

Take quantile@ F,_1 . —1 and obtain Fisher criterion & (¥, y7)

— H]; Efjc{l?:?) < fl—E
olX, V)= .
() {Hz, if o(X,Y) = fi. ]
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Let X ={X,Xs..,X,} €EN(a;,0®) and ¥ ={¥,%,.. Y,} €EN(a,0?) are

independent with the same variance: H; = {a; = a,}

Theorem (without proof)

Introduced random variable t, ... _,. Inaccording to the following expression

; _ |nm (X—a1)—(¥-az)
n+m-—2 n+m [(n-1)s§(X)+ (m-1)5§(¥)

n4+m—2

random variable has a Student distribution with n+m-2 random of freedom. because
D((X — ay)— (V- ﬂz))—

(n— 1)S3(X)/c® € H,_, and (m — 1)S3(Y)/o® € H,_

n+m 2

and according to Lenuna Fisher:

so their sum (n-1)s§(X) | (m-1)53(¥)
2 + 2 Hn+m—2

(o] o

Introduce criteria statistics ( f }7) /
n+m J (n—l}Su(_)}+ {m—1}50[_’]

here X,V —average (mean).

n+m—2
If H) —true. then p=t, - €T, . andquantileof T, . _, —symmetrical distribution
is C =T1,_,/, and Student criterion §(X, V) is: H, it |p (j(’ ?) |<C
§5(X,7) =

H, if p(XY¥)|=c

IO>KHBIA )
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e ODALV solves the problem of checking the equality of the means of several independent
normally distributed samples with the same variances!

e For two samples, use the t-criterion!

For given k-samples:
1 1 1 k k k i
X(l) == (X]{E )JXZ( )r--JX?‘(I,l))J"JX(k] = (X](_ )’XZ{ )’."Xék)); XI.-O) E N(ajjgz)l

|| The main hypothesis: H; = {a; = a, = - = aq; }.

Foreach  sample )?U):%ZXI.U) (SU)) : ”(XU) XU,
j n;

If n=ny + -+ n; then overall sample mean: X = ;Ei,j Xim = ;Zﬁ-‘zl ?IJ;XU):

and overall sample variance : S?% = %Zj-‘:l E?il(XF) - X)2.

Between groups variance is equal  (SSB) S3 =% E}‘zl n; (fiﬁ) - X)?;

. . . N2
Inter group (Each group) variance: (SSE) Sg = 1 j'{'=1 nSU)j = 32}’:1 E?’il (Xim — X(ﬂ) !
n n -

10
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The test for the H1 is based on comparison of intra-group and inter-group variances!

(s9)°

In accordance with Fisher’s Lemma for Vj = 1,.., k value n; -

and doesn’t depend on XU) .

Based on sample independence and stability on  summation of Xz , we can obtain:

2 (s0))°
% = j-‘:.lM €H,_, |here n—k=n, —1+--4+n, —1 and|S?

o2 g2

doesn’t depend on X, ..., X¥) and as a result, it does not depend on X and on S3

(because S5 function of X, .., X% and X).

These properties are true always and regardless of the true values of equality
or mequality (also H,).

Let H; — true. Consider all k samples as single volume of n size. Variances

S%, Sz, Sg satisfy dispersion relation (easy to check): |nS?  nSz  nS?

2 a2 g2 gl
—= € Hj,_4. 2 € H,_}. 11

nS?
and 0—2 = Hn—l ,
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Lemma (without proof).

Let random variable ¢ and 7 are independent and

¢ eEH,. ¢+ n eH,, then n € H,_,

H; — true, according to Lemma we obtain two Chi-square distributions of

. : 2 _ 2B 2 _ nSg
independent random variables: L =€ Hyp ; and ¥* = — € Hp .

o o Y2 n—k n—k S
Let's build Fisher statistics Fy_; , . P = =1 0 R o € Fy_1n—k
E

For given £ > 0 find quantile C level 1 — ¢ of Fisher distribution Fj_;,_; and

formulate the follow criterion of exact size . 5 { Hy, if p<C
H,, if p=C

12
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Bivariate Probability distribution:

For sample (X,Y;), ..., (X,,Y,) of two jointly observed random variables X.Y in

n independent experiments . H, = {X,Y — independent}

Introduce k — grouping intervals Aq, ..., Ay for X
m — grouping intervals By, ..,B, for Y

frequencies v; — number (X}) € A; xB;, are used in the table:
v.j — number (X 1) € B,
v;. —number (X)) € A;
— m ]
i 2.
- B
A Vig V12 Vim V.
: : | P
Ap k1 Vk2  Vim V. divided by n this table is the form of
joint probability distribution
k
Z Vy Vy Uy n
i=1

13



If H,(on independence) - true and (X,¥) € A; xB; then probability of (YY) € A; xB;

is equal to

pij =P((xX,Y) € 4;xB;)=P(X € 4) p(Y € B) =pfpf
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m
This H really check: denoted it H;; according to LLN: Y B B B z
— ]. 2 .
ve P ox v Py vy P X " j=1
o Pir 7Py 7 P
) v v Vs . o Ay Vit Vi2 Vim V1.
so large difference between ?” and — ?“ is the reason for rejection Hy | :
2
(v iy~ () }) Ar Vki Vk2  Vkm Uk
—_— — - .IC L n
— — 17 - v v n
||Theorem If H —true, then if n — o p(X, Y) => Hge_1y(m-1) Z 1 2 -m

for distribution  H;_yyan—1) and

1=

[

and criterion  built as usual: for given £ > 0, find C — quantile of level 1 — ¢

H, if p(X”,T’) <C

s(X¥)= oy if p(XY)=c

Remark

Number k and m enough large!

14
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.
—

In statistics, 1t is a method of representing the multidimensional frequency

distribution of two features, designed to study the statistical relationship between

them.
Y Number of
X Property C Property D trials
PropertvA 1 1> 1;.
Property B 1l 115, 1.
Total n.,= 31 n.,= 25 N

The values of one attribute are placed along the rows of the conjugacy table. and
the values of the other attribute are placed along the columns (if the attributes are
numeric, then they must first be converted to an interval representation). At the
intersection of a row and a column. the frequency of joint occurrence is indicated nj

the corresponding values of the signs X;. V..

15
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:kf_icf +\I 1bKOTEPHbIX two fe atures

H; : there 1s no connection between the signs. they are independent:

H, : (alternative) there 1s a connection. they are not independent.

To compare the observed and critical values of the criterion statistics, it 1s necessary to find

the expected frequencies. values in the cells that would occur if the null hypothesis were true and the
signs were independent. theoretical

;. m.;
According to table: n® " —%

The criterion statisticsfhave a Chi-square distribution. The observed statistic value 1s

calculated as follows: \

ZSam;UIe _ Z (nObs E”-’P)

:JI =1

. . L . : R — 2
The critical value of the criterion statistics 1s determined as follows me_ = Ko, df=(r—1)(c-1)

df — degree of freedom. 1 is the number of rows, ¢ — the number of columns in the conjugacy table.

For table 2x2: /'ffm Zi 0.05, df=1

To determine the critical region. the probability P=0.95 1s given. which corresponds to the

HT.

2
critical region: xz:p b X > 8.7432. df=1

Q%:.
ODK HBIA -
DOEAEPANDBHBIM
VHHUBEPCHUTET
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About mean of normal distributed random variable with known wvariance:

Sample X = {X;,X,,..,X,} € N(a, 0°).

and criterial statistics :

p(X) =Vn =" if H, —true, then p(X) € N(0,1) and

criterion  of  consent 1s

()

Hy, |pX)| < ¢

S . C=r1
Hy, |p(X)| = C

1—

B |t

17



MATEMATHUKHA
MEXAHWMKWA FOSK HBI

ovboeesx (B) Unknown variance o

HAYK

MHCTUTYT Simple hypOtheSES- _g"%__

About mean of normal distributed random variable with unknown variance:

18
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Remark. It is used to identify a linear relationship between two indicators measured on a
quantitative scale. It is desirable that there are no atypical values (outliers) in the data,
since their presence may distort the results obtained.
P nX =X, - 7) -

_ _ X, Y - arethe arithmetic means calculated from
JZ?=1(Xf —X)* JE;L*[(Yi —Y)? the samples

Re[-1,1], R > 0 — the relationship between the indicators is direct,
R < 0 - the relationship between the indicators is inverse,
R = 0 - there is no linear relationship between the indicators.

Testing: the hypothesis that the theoretical correlation coefficient p =0
Hi:p=0 -thereis no relationship between the indicators
H2:p#0 - there is a relationship between the indicators

R
= e— _ t a =t
fobs. = Tz V2 0 et T (15 dp=n-2)

Lops. > Lerit. — Hi is rejected, there is a connection between the indicators

L.ps < Terit. — H2 is not rejected, there is no connection between the indicators o



H' . Correlation coefficient \\\l/,.

."\'."} ] l::':l 1

KoM reenox H. Spearman.

—_—

T- pﬁs

Remarks. 1) It is used to identify the relationship between two indicators
measured in the rank (ordinal) scale;
2) Correlation coefficient H. Spearman is appropriate in the case when
atypical values (outliers) are present in the samples
63", d*

R.’Epem‘muﬂ =1- ﬂ(ﬂz_— i] ’ R.‘iﬁeurmmi E[—l, 1]

d; - is the difference between the rank of the i-th observation in the first sample and the rank
of the i-th observation in the second sample, n — sample volume

R > 0 — the consistency of the ranks is direct,
R < 0 - the consistency of the ranks is inverse,
R=0 -there is no connection between the ranks.

Testing: the hypothesis that the theoretical correlation coefficient p =0
H1: p =0 there is no connection between the indicators
H2: p # 0 there is a connection between the indicators

Zobs. = Rspearmeny M — 1, Z e = Z1-aj2 2€N(0,1)

|Z,ps | = Z

crit,

— H, — reject, |Z,p.|< Z

g, — Hy — not reject,

21
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ur attention

worry!
3e healthy!




