Lecture 7. Multivariate Normal distribution

Definition 1.

Let random vector €=(§1,...,5m) has @ = E E’, E — expectation and ¥ —

symmetric matrix, positive, non degenerate. It is said that the E’ has Normal

distribution N (a’, ), if density function is equal to

—> 1 1, — -1 ,— —>
f2 (@)= (m)mmexp{—g(x - @)TIE - @) (1)

for any x’eR™.
Statement:
Covariance matrix of random vector E’, having density function (1) equal to Z.

Proof: Let introduce vector 77, having multivariate standard Normal distribution

and density function:
— 1 1 T _>}
s (X)=——mexp;—=x X
Matrix £ — symmetric, positive, non degenerate, so according to Lemma2 of
previous lecture B = VX exists.

Let £ = B7 + @. Construct & distribution:

fz () =ldetB|™! f3 (B7'(x — @) =

= (M)mlm exp{—1 @ - D)@ )'BF - D)} @)

Here (B~1)TB~l=symm =B~1B~1=3"'; we will show that & has distribution

(2).

Expectation of & is equal @, because E(B7 +a@) =BE 7 +a@ =a. Find

—

covariance matrix for ¢&:



DE=EB T BT =BE (777)B" = [bascd on B (777) = D7 = -

identity matrix] =B BT = X,

Theorem 1.

1. Let random vector 77 consists of independent normal random variables; B — non

degenerate matrix, then  vector E = B 7 +a has multivariate Normal

distribution N (@’,£) with vector of average @ and covariance matrix * = B BT.

2. Let random vector ? has Normal distribution N (a’, ¥), X —positive matrix, then

7= B Y(&-@), consists of consists of independent standard normal

distributed random variables.

Remarks:

a) For normal distributed random vector eR™ with dependent coordinates
having the density of joint distribution, the transformation by some non-
degenerate matrix to vector with independent, normal distributed
coordinates exists.

b) (inverse to (a)) standard normal distributed random vector can be transform
to vector with given multivariate normal distribution.

Based on theorem 2 of lecture 4-10: multiplying by orthogonal matrix doesn’t

change joint distribution of standard normal vector coordinates.

Lemma. If vector E’ has covariance matrix X = D?, then covariance matrix of B
7 = BE is equal to D77=B X BT. But for good matrix (symm., positive) magic
transformation exists.

Q Q" =D = diag(df, ..., 0%) 3)

Q — orthogonal matrix, so for any E’ —normal



7= Q¢ 4
transformation normal distributed vector with dependent coordinates to vector

with independent coordinates (not necessarily identically distributed).

Theorem 2.

Let random vector ? has multivariate Normal distribution N (a@’,X) with density
function (2). Coordinates of this vector are independent if and only if they are

correlated, that is when the covariance matrix is the diagonal.

Proof: Only in the case of diagonal matrix X with X(i,i) = o7 = D&, quadratic

form (x — @)"E (¥ — @) turns sum of squares
> i—a)s N )= ) (i —a)? /o
l,j i

and density function decomposes into product of coordinates densities.

Remark: Uncorrelated random values may be dependent and even functionally

dependent if their joint distribution doesn’t have density (2).

Theorem 3. Multivariate central limit theorem (MCL)
—(1) —(2) : . : o
Let ,¢& ... — a sequence of independent and identically distribute random

-1, _
vectors, each of them has average E £ =~ = a and non-degenerate covariance

—m)

: —(1) :
matrix Z. Denote S, =& ~ + ..+ & ~ — vector of partial sum. If n — oo then a

weak convergence of vector distributions take place

S, —na —
—>(Tl) n — —
=—>=7, e N(O,Z
— n n ( )

Consequence:

In terms of MCL theorem takes place convergence

2

7" = 1712




Distance and metrics

Definition 2. Function d: XxX — R is called distance if it satisfies the following

conditions:
a) nonnegative: d(x,y) > 0, for any x,yeX
b) identity: d(x,y) =0, if and only if x=y
C) symmetry: d(x,y) =d(y.,x) , for any x,yeX

d) inequality of the triangles: for any three points x,y,ze X
d(x,y)< d(x,2)+ d(z,y)

Definition 3.
Euclidean distance between two points x=(x;, ..., xp)T and y=(y,, ..., xp)T —1s

function of form

de(x,y) = J(x1 —y1)?2 4+ (x, —yp)z =Jx—y)T(x—y)

dg(x,0) = ||x||, = [- Euclidean norm of x] = v xTx

Definition 4. Normalized Euclidean distance .

2
(1 — y1)? Xp — W
d(xy) = di(u,v) = Jsl—z ot (”S—zp) = VG- Tx-y)
P
D — diag(s;2, 552, ... ,spz) — diagonal matrix; s; — scaling factor

x|l = d(x,0) = dg(u,0) = \/(xl/sl)z + ot (xp/sp)2=\/xTD_1x.

The normalized distance is used also for characteristics, measured in different units

or greatly different values.

Definition 5.
The statistics distance or Mahalanobis distance between two points

x=(xy, ..., x,)" andy=(y;, ..., x,)" is called function of the form



dy(x,y) =/ (x = y)TS~1(x — )

dy(x,0) = |Ixlly = VxS x

—norm of x, S — covariance matrix for N points;

S = ;ATA
N-—-1
here A has follow form:
(Z11,"',Z1p)T - (Z01""'Z0p)T
A= : :
(ZNlJ"'JZNp)T_ (Z01""'Z0p)T

(Zo1, ", ZOp)T — fixed point, f.e. center of the class (Zy, -+, Z_p)T and

Zi = (Zil;"’;Zip)T; Zi = (Zj1,"',ij) €ERP for Vij;

N
1 _ _
Sy = 0y =mz(z’“ ~ (@ =5)
k=1

dy (x, %) =/ (x = 0TS~ (x — %)

Note, this distance usually use for classification or clusterization problems.



