Lecture 5. Statistical tests (the criteria of consent)

LetX = (X4, ... ,X,) —sample € F — distribution family.
The basic hypothesis Hi={ F =F; } with H,={ F #F,} alternative.
Definition 1. (cc) Let Borel function p()_() ) exists and has properties:

(C1):ifH; — true (if X; € F; then p()_()):>G, G - known continuous distribution)
(C2): ifH; —incorrect (wrong), itmeans: ifX; haveF, # Fi, then (1)

Ip(X)| S0, if n - oo, for VF, #

Definition 2. Criterion of consent

For random variable 1, mn € G it is necessary to determine constant C, satisfying

the equation &= P(|n| = C) and construct criterion:

.. (Hy, i X)|<c 2

S(X) :{ 1 l.f |p( 9)' < ( )
Hy, if |p(X)]=cC

Explanation: if H; — true, then behavior of p is the same as 1, € — small, so it is

extremely difficult to get H, .

Theorem
The criterion of consent & (1)-(2) has the asymptotical size € and the property
of consistency

Proof Property (C1) provides criterion size:
0 (8)= Py, (Ip(X) 2 ) > P(n=C)=e.

P
(C2) — consistency: according to definition 1 ,— o0 means that for any C>0

P(M,< C)— 0 as n— oo, so for VF, (may be set of distributions) probability of
the second kind errors tends to zero: ax(3, F,)= Pg, (|p()? )|<C) - 0, proven.
Remark

If instead the weak convergence in (C1) we have p()? ) € G, then criterion (2)

has exact size €.



Statistical criterion

I. Kolmogorov criterion (Kc)

X = (X...,X,) have distribution function F, Hi={ F = F,}, H,={ F # F,}. If | has
continuous distribution function F;, then (Kc) use! Let's check the validity of the
criterion, namely properties C1-C2 for given p( X ):

Proof

Let consider p(X) = vn sup, |F,"(v) = FL()I.

C1: If H, — true , then X; for Vi has distribution F,. According to Kolmogorov

theorem p(_)Z) > 1, 1 has distribution with Kolmogorov distribution function K(y).

C2: If H, — wrong, X; for Vi has distribution F,. (F, # F,). By Glivenko-Cantelli

. _ P
theorem, the empirical distribution F,, (y) = Fy(y) for Vy, n = oo, If F, # F, then

. P
3yo: [Fa(yo)-Fi(y0)>0, so sup,, [F, (y) - Fi(y)| = [Fu(yo)-F1(yo)| = [F2(yo) - Fi(yo)| >
0 that is
for Ve find C: e=P{n =c},n €K(y),
this allows us to the Kolmogorov criterion:
> (Hy, if pX)<C
6(X)={ 1 1 p(n))
I1. Pearson Criterion (PC) based on grouped data.
For given sample )_(>=(X1,. .., Xp) belongs to distribution F the simple hypothesis is
le{ F= Tl}, sz{ F -7'5:7:2}.
Ay, ..., Ay — grouping intervals : A; 1 Aj= @, i#j, v = { number X; € 4; } =
= Yi=1 L (Xi€ A)), pi=Py, (Xi € Aj)>0 (p; - theoretical probability of H, - true,
X; €F),

(vj_np)*

k _ v — Yk
o0 =1, pX)=2j= n

Remark. On correction PC



H,={F:P(XieA)=p;,Vj=1,..k}
H,= {Elj: pfl * p]HZ, H, - wrong}, so need large number of intervals!
Theorem Pearson:
If H; or H, — true, then for fixed k, and n — «
k
p(X) = ZW => Hiy
j=1 g
Here Hy_; is X12<—1 distribution, so consent criterion is: it is necessary to determine
constant C: € = P(n = C),n € Hy_; and
5(2) = {H'l, if p()f) <C
H, ifp(X)=cC

II Criterion XZ (parametric case)
LetX = {X1,X,,..,X,} € uknown distribution
Hy ={F € {F5,0 € © < R'}}

0 — unknown vector of parameters, d — size of @ dimension.

There are A4,.., A, — intervals, k>d+1, v — number of X; € Aj

v;—np ; (6))?
np ;(6)

3 ko ( ]
p; = Py, (X,€ A;)=F(8) and p(X, 0) =Zj=1 and 0

(0* = 0*()?): p()?, 9*)) reaches its minimum value
Theorem Fisher.
If hypothesis Hy, d — dimension of vector 0, then for fixed k and n - «©
RY
k (Vj —np (0 ))

AXOT) = Xj

distribution, note that X4_,_, — parametric criterion:

= Hj,_1_q4, where H,_{_4 family of sz—l—d

N€ H,_1_4 , for given ¢ it is necessary to determine constant C: ¢=P(n= C) and

5(%) ={

H,, if p(X,8*)<C
H,,  ifp(X,0°)=cC



Remark. To find @*numerically — is not simple idea, so we can use instead @*
likelihood estimation .

IV Criterion Fisher (6% = 03)

If we know that variances of two samples are the same, for estimation of its

average we use Student criterion. The first step — to estimate variance.

Let X ={X{,X,,..,X,} are independent and X; € N(a; 6%); Y ={1.Y,,..,Y,},
Y € N(a, 06%). Fisher criterion: H; = {of = ¢4}. It is known that S& ()_()), S¢ (17)
1s an unbiased estimate of variances and we introduce a measure

S8 (%)

S§(¥)

pX.Y) =
to get criteria statistics — the second step.

Theorem

If hypothesis H is true, then ,0()_5 ) 17) has Fisher distribution F,,_; ,, _q withn — 1

and m — 1 degrees of freedom.

Proof
(n—1)s§(X) (m-1)s§(Y)
szl—l = 0—20 € Hn—l and szn—l = 0—20 (S Hm—l-
1 2
If o4 = 0,, then % =1 and
2
(%) =
Lo SE(X) of =
X,Y) = =Ll ep
,0( ) 0.12 Sg(Y) szn—l n—1m-1
m-—1

Take quantile f;_.€ F,,_1 ,,_; and obtain Fisher criterion & (X, y)

5()-(’ ?) — {HL lf ,0()_(); ?) < fl—e
’ Hy  if p(X,Y) = fi_.

V Student criterion (SC) ¢-test
Let X ={X,X,..,X,} EN(ay,0?) and Y ={V,,Y,,..,Y,} € N(apo?) are

independent with the same variance; H; = {a; = a,}



Theorem_(without proof)

Introduced random variable ¢, ,,_,. In according to the following expression

¢ _[nm X—-aq)—-(Y—-ay)
n+m-—2 n+m [((n-1)S§(X)+ (m-1S§(Y)

n+m-—2

random variable has a Student distribution with n+m-2 random of freedom,

because D(X —ay) — (Y - az)_

= o2 ; and according to Lemma Fisher:

(n—1)S¢(X)/o* € H,_; and (m — 1)S¢(Y)/o? € H,,_,

n-1s§(X) = (m-1s§(Y)
2 + 2 n+m-2

so their sum

o (&)

Introduce criteria statistics

ol X, Y /
( ) n+m \/(n D)5 (X)+ (m-1)s3(¥)

n+m-—2

here X,Y — average (mean).

If H; —true, then p=1¢ 2 €T and quantile of T, ,,_, —symmetrical

n+m— n+m—2»

distribution is C = 7;_,/, and Student criterion § ()? , ?) is:

(=, i 1p(XY)<cC

§(X,Y) = ' 'O(_, _,)
Hy, if 1p(X,7)]2cC

VI One-dimensional analysis of variance (ODAYV)

ODAY solves the problem of checking the equality of the means of several

independent normally distributed samples with the same variances

(for two samples we suggest using a t-test).

For given k-samples:
X0 = (xB,x,. x0),.,x® = (xP,x,. x®)
Xi(i) € N(aj,az). The main hypothesis: H; ={a; = a, = - = a;}. For each

sample )?U)znljZXiU), (SU)) n’ X(]) XUN2,



If n =nq + --- + n; then overall sample mean
X = lzi‘j Xl.(j) = 12}‘:1 nXY);  and overall sample variance
= T N & - X
The test for the H; is based on comparison of intra-group and inter-group

variances, let’s to determine:

Between groups variance is equal

1 =(j =
(SSB) SE==-3t_m (X - X)%;

Inter group (Each group) variance:

2 _ 1k N _ 1vk nj M _ 7))
(SSE) S} = =3k ns®) =23k 37 (xP - %0,

)
In accordance with Fisher’s Lemma for Vj = 1,..,k value n; % € Hnj_l

and doesn’t depend on XU . Based on sample independence and stability on

summation of XZ , We can obtain:

Y (50
n= = }Ll—n](az) €H,_y, here n—k=n —1+--+n,—1 and S?

doesn’t depend on X, ..., X and as a result, it does not depend on X and on S3
(because Sg function of X, .., X and X).

These properties are true always and regardless of the true values of equality
or inequality (also Hy).

Let H; — true. Consider all k samples as single volume of n size. Variances
S2, S2, SZ satisfy dispersion relation (easy to check):

nS* nSj nSg

ns? nSB

s
and — €H,_q, [nB

€ H,_4, EH,_;; €EH,_,— let's show!]

Lemma (without proof).
Let random variable ¢ and 7 are independent and ¢ € H,,, ¢ + n € H,, then
N € Hsm



H; — true, according to Lemma we obtain two Chi-square distributions of

independent random variables:

2

nS nSE
¥ =—2eH,; and P2 ="E
o

—2 € Hnje.
Let's build Fisher statistics Fj, _q ;-

% n—k_n—kSéeF
P=%=1 47 “k—1s? €k

For given € > 0 find quantile C level 1 — ¢ of Fisher distribution Fj,_;,_j and

formulate the follow criterion of exact size.

VII Criterion of independence xz
For sample (X1,Y7), ..., (X, Y,) of two jointly observed random variables X,Y in
n independent experiments
H, = {X,Y — independent}

Introduce k£ — grouping intervals A4, ..., Ay for X and m — grouping intervals
By,...,By for Y and frequencies v; — number (X,Y) € A; xB;, v,; — number

(X,Y) € B;, v;. —number (X, Y) € A; are used in the table:

17 m

B,B, ..B, Z

X j=1
A .
1 Vi1 V12 Vim V1
Ay, Vk1 Vk2  Vim Vy.

Vi V2 VUnp




If H; —true and (X, Y) € A; xB; then probability of (X,¥) € A; xB; is equal to

=P (00 € AxB) = POreADp(Y €B) =l ]

. . ' . ;. P X U P v
This H really check; denoted it Hj; according to LLN: —-p;, ——pj,
%gpij , so large difference between % and %‘ vn—] is the reason for rejection

H; (about independence). Let

p(X.Y)= nzé‘zlz;f;l( =)

Vi- U

Theorem. If H; — true, then if n — o p(z ?) => H(-1)(m-1) and criterion

built as usual: for given € > 0, find C — quantile of level 1 — ¢ for distribution

H(k—l)(m—l) and

Remark. Number k and m enough large!

VIl Simple hypotheses

(A): About mean of normal distributed random variable with known variance:
Sample X = {X;,X,,..,X,} € N(ay0%), H; ={a = a,}, H, = {a # ay} and clear

(why?) that statistics

p()_()) =/nI2 (if H; — true, then p()_()) € N(0,1) and criterion of

g

consent 1s

Hy, [p()| < €

5(X) = { C=1, ¢ (*)

Ha, |p(X)] = € z




(B): About mean of normal distributed random variable with unknown variance:

pE) = yn =2

)
58

if a = a; then according to consequence of Fisher Lemma ,0()_() ) €T,_1;

o ()? ) — the same as (*) and C = 7, _: — quantile of Student distribution.
2



